A combined experimental and theoretical investigation of the sedimentation of unstable colloidal ceramic suspensions has been performed. Suspensions containing submicron-sized a -A l 2 O 3 particles were prepared at various pH values in order to modify suspension stability. Particle volume fraction during sedimentation was determined as a function of position and time by gamma-ray densitometry. A population balance model was developed to account for various coagulation and decoagulation mechanisms that affect sedimentation behavior in flocculating suspensions. Model predictions were then compared with experimental measurements, in order to establish the validity of the theoretical model.
I. INTRODUCTION
Colloidal consolidation is the central physical process that occurs in a number of shape-forming processes (e.g., slipcasting and pressure filtration). 1 The sedimentation-based process typically begins with a relatively dilute dispersion of fluid-suspended solid particles. The usual goal of such a sedimentation-based shape-forming process is to produce high-green density compacts. A sedimentation-based process is rather simple to describe quantitatively (and thus control) when the suspension is dilute and the individual particles are discrete. 2 More concentrated suspensions that form clusters (or "agglomerates" or "floes" or "aggregates") are much more difficult to describe quantitatively. 3 ' 4 Further, and perhaps more importantly from a practical viewpoint, concentrated, flocculating suspensions usually form lower density green bodies-that ultimately lead to severely flawed finished ceramic articles. 5 7 A better understanding of the evolution of colloidal structures in ceramic shape-forming processes will lead to better control of the microstructure of the article, a reduction in the number of defects, etc.
Several studies of sedimentation and flocculation have been reported in the literature. For example, Batchelor 8 began with the simplest system: a dispersed, dilute suspension containing particles of only one size. This early work was extended to consider (i) dispersed, dilute, and polydisperse suspensions, 9 " 12 and (ii) dispersed, concentrated, and monodisperse suspensions. 3 Similarly, flocculation has been treated by several authors, 13 " 18 for quiescent and shear flow fields, and for 2-and N-particle systems. Simultaneous treatment of sedimentation and flocculation has, for all of its practical importance, been reported much less frequently. 2 ' 7 ' 19 Auzerais et al. 2 ' 20 for example, studied sedimentation in an idealized flocculating suspension (that is, with a hardsphere or nearly hard-sphere interparticle potential), both experimentally and theoretically. Buscall 21 has compiled a bibliography and review of the theoretical aspects of this area.
The literature provides only a few reports 21 of flocculating sedimentation in which nondilute suspensions that contain more commonly encountered pair-potentials are considered. What is needed, of course, is a quantitative understanding of each of the physical and chemical processes that determine the behavior of sedimenting and flocculating particles and clusters. It is also important (as will be shown) to account for certain "declustering" (or decoagulation) processes that affect the overall sedimentation behavior of a particle-containing suspension. Ultimately, this can enable one to follow the microstructural evolution of such a suspension. This in turn has been shown to affect the success of each subsequent step in the ceramics fabrication process: drying, binder removal, and firing. Figure 1 illustrates this point well: slipcast A1 2 O 3 using HC1 and NH 4 OH as additives to adjust the pair potential. 22 In this work, we have developed a theoretical model that describes flocculating sedimentation, such that particle cluster formation is accounted for. The model was then used to conduct computer experiments, in order to predict particle concentration as functions of both 22 (a-c) At pH = 2, repulsive surface forces produce dense-packed microstructures exhibiting first-and second-generation pores (approximately 0.1 and 0.5 yum, respectively), (d-f) At pH = 8.6, attractive surface forces and the settling of agglomerates result in pores that exhibit multiple generations of size. position and time. Corresponding experiments were then conducted to verify model predictions. The expected benefit to be derived from this work is to provide input for the development of an improved ceramics fabrication process, based on the detailed, improved understanding of the evolution of colloidal structures during consolidation.
II. THEORETICAL MODEL

A. Physical description of the process
Sedimentation is essentially a process in which density difference between constituent phases, and the imposition of an external field, cause differential movement of the phases. This results in the spatial segregation of the constituent phases. The sedimentation velocity of a single sphere in an infinite fluid settling at low Reynolds number is, of course, given by Stokes law. 23 Stokes law becomes invalid, however, in more concentrated suspensions found in commercial and research settings; the processing of minerals, the processing of colloidal ceramics, and the treatment of industrial and municipal waste streams are some of the more important examples. In these cases, interactions between particles modify the settling behavior of a given particle, relative to that of an isolated particle. The most significant interactions are (i) hindered settling, (ii) clustering, and (iii) diffusion.
Hindered settling, as the term suggests, indicates that a particle's sedimentation velocity is decreased in the presence of other particles. That is, as the volume fraction of the dispersed phase is increased, the average separation distance between each particle of the discrete phase is decreased. Hydrodynamic interactions are quite strong at these short separation distances, and thus may retard the motion of a given particle. Sedimentation rate is therefore decreased. Figure 2(a) shows this schematically.
Clustering, on the other hand, can actually increase the sedimentation rate above that of a single particle. Particles may join to form clusters (under certain conditions). The clusters, having a larger radius, will have a larger sedimentation velocity in a given applied field when compared to that of a single particle. If the clustering process is reversible, however, a cluster may disassociate to form smaller clusters or particles; the latter will of course settle more slowly. See also Fig. 2(b) .
Diffusion of particles and clusters is also important during a sedimentation process. As sedimentation proceeds, the solids concentration in the lower region of a sedimentation column is higher than that in the top. There is, in analogy with the better-known diffusion process involving solutes, a driving force for particles and clusters to move "down" the concentration gradient (or up the sedimentation column). As a result, there is an impetus for particles or clusters to resist sedimentation. The net effect is to reduce settling velocities of particles and clusters. This is shown in Fig. 2(c) .
It was the purpose of this work to describe mathematically a sedimentation process involving solid spherical particles dispersed in a continuous liquid phase, in which hindered settling, cluster formation and breakup, and diffusion are explicitly accounted for. The approach used is that of the "population balance model," whereby the concentration of a cluster size "j" (or "y'-cluster," containing ; particles), at each spatial position and at all times, is modified by a variety of creation and loss mechanisms-corresponding, physically, to hindered settling, clustering, and diffusion.
B. Population balance model
The population balance approach 24 " 27 has been employed in the study of various disperse systems, such as liquid droplets in a gas stream, gas bubbles in a liquid stream, liquid droplets in a second, continuous liquid, etc. The "population" of interest is the dispersed phase, where the overall population may be divided into various classes. The size, or number of elements, in each class may be important to monitor. The nature of the population is dynamic, since the number of classes and the number of elements in each class may change with time, as shown in Fig. 3 . A properly constructed population balance model should account for (and predict) the makeup of the population as a function of time.
In the present model, a sedimentation column is divided into N slabs (Fig. 4) . A sort of "subpopulation balance" is first performed in each slab, for all cluster sizes, as shown in Fig occur that can change the number of/-clusters in each slab. The first two are kinds of "immigration" and "emigration" processes, whereby /-clusters from neighboring slabs enter the slab of interest from, or /-clusters leave the slab of interest to, neighboring slabs, respectively. These correspond to the hindering settling and diffusion processes. The second two changes that may occur are "birth" and "death" processes. For example, a 3-cluster (or a cluster containing 3 particles) may be "born" when a 1-cluster and a 2-cluster combine to form a 3-cluster. As this occurs, the "death" of a 1-cluster and a 2-cluster naturally takes place.
All of these processes may be described mathematically. Each description is given in more detail below.
C. Immigration and emigration
A slab may gain clusters by sedimentation and diffusion from neighboring slabs. A slab may also lose clusters to neighboring slabs by the same mechanisms. Sedimentation is given quite simply in terms of the convection flux of ^-clusters into and out of the slab:
where z is the axial position in the sedimentation column, Vjt is the sedimentation velocity of the A:-cluster with respect to a fixed (laboratory) reference frame, and C k is the concentration (or cluster number density, clusters/cm 3 ) of ^-clusters. Now, in sedimentation, involving an incompressible liquid, the downward movement of solid particles or clusters requires a corresponding upflow of liquid. The upflow of liquid is given by:
where V" is the velocity of the liquid with respect to the fixed (laboratory) reference frame, and v k is the volume of a ^-cluster. The summations are carried out over all cluster sizes. Further, the sedimentation velocity of a A>cluster, relative to the surrounding fluid (which is itself nonstationary), is given by V k (Ref. 23):
where Ap* is the effective difference in densities between the solid and liquid phases, 77* is the effective fluid viscosity, g is gravitational acceleration, and r k is the radius of a ^-cluster:
where v\ is the volume of a "1-cluster" or primary particle. Equation (3) is a modified form of Stokes law for sedimentation, where Ap* and 77* account for the nondilute nature of the suspension. In a given slab, then, the effective density difference is given here by:
Equation (5) shows that the actual Ap is modified by Y. n c n v n , which is the total solids volume fraction in the slab. Similarly, the effective viscosity in a given slab is (Ref. 
where 770 is the liquid viscosity, and [as in Eq. (6)] cf> is given by:
Further, the diffusive flux of particles and clusters into and out of the slab is given by:
where D k is the diffusion coefficient given by: (9) after Beenakker and Mazur. 29 Note that k is Boltzmann's constant and T is absolute temperature. This term became more important as r k -» 0 and (/> > 0.
D. Birth and death
Clusters of a given size can be created or destroyed in a slab by either hydrodynamic or Brownian mechanisms. Each mechanism is treated separately.
Hydrodynamic clustering and declustering
Large clusters have a higher sedimentation velocity than small clusters. As a result, a large cluster may actually overtake a smaller cluster and, upon touching, flocculate. 30 An i-and ./-cluster would form a ^-cluster, where k = (i + j). A population balance would show the birth of a ^-cluster, and the death of one i-cluster and one j'-cluster. A balance within a slab would show that the overall change in ^-clusters must be influenced by the concentration of i-and /-clusters, by the difference in settling velocities, and by the cross-sectional area of a cluster (the latter is by analogy with "scattering crosssectional area" in various scattering phenomena). The birth of ^-clusters is then given by:
Note that the summation index ";'" runs from 1 to
. Similarly, a ^-cluster could be lost by combining with another cluster, of size /, say, to form a (k + /)-cluster. The death of a A:-cluster would then occur:
Comparison of Eqs. (10) and (11) shows that the signs on the right-hand sides are opposite, and that the summation ends in Eq. (11) Alternatively, the drag around and through a cluster during sedimentation may cause a cluster to undergo fragmentation. 30 This is typically considered to be a first-order rate process, and applies principally to very large clusters (often >100 /xm). For completeness, it is included here as:
Equation (12) shows that the summation runs over all clusters larger than k and is proportional to the particle number density of each of these larger clusters. The rate constant, k™ m~k , is given by:
Similarly, the hydrodynamic-induced breakup of â -cluster is similarly given by:
where all notation has been defined above. [It should be noted here that in Eq. (13), the product of factorials represents all of the ways in which the particles of an m-cluster can break down, or be partitioned, into two groups of size k and size (m -k).]
Brownian clustering and declustering
Small solid particles (with diameters below 10 //.m) also experience significant random nonhydrodynamic displacements or Brownian motion. The magnitude of the random displacements increases as particle (or cluster) size decreases. There is a nonzero probability that two such clusters may collide and form a larger cluster. 30 " 32 Alternatively, there is also a nonzero probability that a cluster of a given size may break into two or more pieces as a result of a Brownian dissociation process. Now, Smoluchowski developed an expression for the collision frequency of hard-sphere Brownian particles (e.g., particles in a dispersion for which Brownian motion is significant). In this case, a rate equation is given as:
where D is the Brownian diffusion coefficient, given as:
where r is the particle radius, C is the particle concentration (number density), and the other terms are as before. Note that Eq. (15) applies only to a monodisperse suspension of one-clusters undergoing coagulation, and only for hard-sphere nonhydrodynamic interactions. When the particles do experience other forms of nonhydrodynamic interactions (e.g., as described by DLVO, soft-sphere, Lennard-Jones, etc., interaction potentials 31 ), the rate expression in Eq. (15) would need to be modified. That is, in a hard-sphere system, all "attempted" collisions would be successful, since the influence of one particle upon the motion of another would not be felt until the two collided. Spheres with a repulsive potential, for example, would undergo successful collisions less frequently than in the case of hard-sphere particles. In such a case, the right-hand side of Eq. (15) must be modified to account for only successful collisions. The stability ratio, W, or collision efficiency factor, may be defined as 31 :
where V is the interparticle interaction potential. The integration in Eq. (17) 
Equation (24) describes the change in concentration of /-clusters by Brownian coagulation due to the presence of /-clusters. Brownian "declustering" is a related process by which an /-cluster breaks into smaller clusters due to Brownian motion of the particles from which it is constituted. 30 ' 31 A successful declustering event will depend both on the size of the cluster (since the magnitude of Brownian forces depends on particle or cluster size) and on the "depth" of the potential well that inhibits two joined clusters from separating. This is given by Russel 4 and many others as:
Von
The difference (V min -V max ) corresponds to the difference in potential between the maximum and minimum values. A large difference, then, leads to a large negative argument on the exponential term of Eq. (25) . Thus, a deep potential well implies a small rate of Brownian declustering, as the right-hand side of Eq. (25) becomes small. Finally, as in Eqs. (12) and (14), a combinatorial prefactor must be included in Eq. (25) , in order to account for all of the ways by which the particles of a cluster can be subdivided. The resulting birth and death functions are
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E. Population balance-local
For a given slab at height z in the sedimentation column, the time rate-of-change of ^-clusters may be found by combining Eqs. (1), (8) , (10) , (11), (12) , (14), (26) , and (27) (along with auxiliary equations) to obtain: dC dt
where C k is a function of both position, z, and time, t.
F. Population balance-global
Equation (28) 28), and they must be solved simultaneously. The number of equations involved depends upon two parameters: the number of slabs into which the cell is divided, N z , and the maximum cluster size allowed, N s . The resulting set of equations is of the form:
where the total number of equations to be solved iŝ = (N S )(N Z ).
G. Method of numerical solution
Equations (29) form a set of coupled, nonlinear partial differential equations, for which analytical solutions are not available. The method of solution, then, involved a common technique 33 by which the right-hand side of Eq. (29) is discretized in z and held constant in t. A set of decoupled, ordinary differential equations results. These equations are then amenable to solution by a Runge-Kutta algorithm. 33 The value of C, is then updated in time, for all ;. The functions of / are then updated using the new values of C,, and the integration to the next time-step is executed. Initial conditions may be specified arbitrarily, but in this work were specified to be a uniform dispersion of one-clusters, at time t = 0. Boundary conditions that are sufficient to accurately represent the physical nature of the process are the condition of no flux [J c<k = J Dik -0, all k] through the top or bottom of the sedimentation cell.
III. EXPERIMENTAL PROCEDURE
Gamma-ray attenuation measurements were performed as a function of time and position to evaluate density evolution of alumina sediments. The apparatus directs a collimated beam (0.32 cm diameter) of gamma radiation from a 137 cesium isotope through a plexiglass upright cylinder (7.6 cm diameter) containing each suspension. Attenuation measurements were performed with a multichannel analyzer by integration of energyas-a-function-of-intensity data at the primary 662 keV ( 137 cesium) peak. The experimental configuration is shown in Fig. 6 . Average densities were determined by simultaneous solution of mass conservation and Beer-Lambert law equations. Details of the apparatus and derivations of exact equations for the alumina systems used in this study were previously disclosed. 7 Colloidal suspensions were prepared using distilled water and Sumitomo type AKP-30 a -A l 2 O 3 powder (0.4 /xm average particle size). Reagent grade HC1 and NH4OH were added to prepare suspensions at pH = 2, pH = 5, and pH = 7.3. Suspensions were prepared using a presedimentation process to remove large agglomerates that rapidly sediment, thus causing nonuniform packing densities. Presedimentation entailed preparation of three identical suspensions with 10 vol. % as-received powder at pH = 2. Supernatant was siphoned from each suspension after 24 h of sedimentation, and NH4OH was subsequently added to two of the supernatants to raise the pH to 5.0 and 7.3. Gammaray attenuation experiments were subsequently performed with 500 mL of each supernatant. Supernatants at pH = 2, pH = 5, and pH = 7.3 contained, respectively, average concentrations of 5.4, 4.7, and 4.7 vol. % alumina, based on pycnometer measurements. Visual observations of sediment heights were recorded and correlated with the position of the collimated radiation beam.
IV. RESULTS AND DISCUSSION
Gamma-ray attenuation measurements and computer experiments were conducted for three values of zetapotential: high, intermediate, and low. These correspond to pH values of 2, 5, and 7.3, respectively. In each case, the computer experiments were conducted to account for such differences in interaction potential, as well as each of the other mechanisms described in Sec. II.
Results for sedimentation under high zeta-potential conditions (pH = 2) are shown in Fig. 7 . Under this condition, the interparticle interaction potential would be expected to be strongly repulsive, so that the suspensions could be considered to be well-dispersed. The plot depicts the solids volume fraction (e/eo) at numerous positions in the sedimentation column (z), at several times during the experiment. Note that the local volume fraction is normalized with respect to the initial solids volume fraction, eo-The experimental values of local solids volume fraction at 0, 43, 98, and 238 h indicate that the sedimentation proceeded in a manner that is characteristic of well-dispersed suspensions: simultaneous formation of a sediment layer and clarification of the upper portion of the supernatant. The predicted solids volume fraction profiles are represented by the corresponding curves in Fig. 7 . It may be seen that at early times the results of the computer experiments match those obtained in the sedimentation cell. At later times, the predictions match the experimental results in the lower portion of the cell (i.e., where e has its highest values for t > 0). The solids volume fraction in the upper, more dilute, portion of the cell matches less well, but still fairly accurately for this case of a well-dispersed suspension.
The evolution of cluster number density with time for the same well-dispersed (pH = 2) suspension is shown in Fig. 8 . Specifically, it shows the cluster number density for the lowermost slab in the sedimentation cell. Cluster number density is defined here for each y-cluster as the number of ^-clusters per unit volume. Several features may be observed. First, it may be seen that for the well-dispersed case most of the clusters exist as one-clusters, and that the larger particle clusters have a number density several orders of magnitude lower than that of the one-clusters. This is as one would expect for a suspension containing particles that possess a high-zeta potential. Second, it should be noted that the number density of each /-cluster increases with time. This is consistent with Fig. 7 , in which the total solids volume fraction (that is, the sum of the volume of each y-cluster subpopulation) in the bottom slab increases with time. And third, the number density of j-clusters for j > 1 increases more rapidly than for one-clusters, indicating that the net effect of the various coagulation and decoagulation processes is toward the increase in number density of 2 + -clusters. Results for sedimentation under moderate zeta potential conditions (pH = 5) are shown in Fig. 9 . It may be seen from the experimental points that sedimentation again proceeded as for a dispersed case: decreasing and increasing solids volume fractions in the uppermost and lowermost slabs, respectively. The key feature in Fig. 9 , however, is the agreement between predicted and experimental values, in most slabs at all times reported. This is likely due to the fact that the balance of coagulation and decoagulation mechanisms was properly accounted for and that the net effect of all contributions properly predicted the evolution of the solids volume fraction with time. Figure 10 , which shows the cluster number density for the pH = 5 suspension, also supports this observation. The number density of all 2 + -clusters is significantly greater than that shown in Fig. 8 . This is consistent with the expected outcome of the sedimentation of particles that possess a smaller zeta potential: the stability ratio, as defined by Eq. (17), increases and the number of successful collisions would therefore increase. A correspondingly greater cluster number density for all 2 + -clusters would be the result. As in Fig. 8 , Fig. 10 also shows that the number density of 2 + -clusters increases relatively more rapidly than for one-clusters. Again, this is likely due to the fact that conditions favor coagulation over decoagulation, particularly as the interparticle potential is lower in Fig. 10 than in Fig. 8 .
Results for sedimentation under relatively low zeta potential conditions (pH = 7.3) are shown in Fig. 11 . It may be observed in Fig. 11 that the sedimentation occurs somewhat more quickly here than in the two previous cases. Further, it may be seen that the experimental and predicted solids volume fraction profiles correspond quite well throughout the sedimentation process, except at later times in the lower slabs when the solids volume fraction is quite large. This again underscores the ability of the theoretical experiments to predict successfully the outcome of the sedimentation experiments. Figure 12 , on the other hand, indicates that the trend (illustrated above in Figs. 8 and 10 ) toward increased cluster number density with decreasing interparticle potential is continued for the low zeta potential case. Again, clusters form quickly at early times, and increase in number density more gradually at later times. The primary difference between this and the earlier cases is that the cluster number density for j & 2 is several orders of magnitude greater in the present case (pH = 7.3). Furthermore, as before, the rate of number density increase of 2 + -clusters is greater than that for one-clusters.
V. CONCLUSIONS
This paper describes the results of a combined theoretical and experimental study of the sedimentation of a flocculating suspension. In the theoretical portion, a population balance model was used successfully to describe sedimentation in a particle-containing suspension in which the particles can form long-lived clusters. The model explicitly included several physicochemical processes that are known to significantly alter a simple Stokesian description of sedimentation: diffusion, hindered settling, hydrodynamic clustering and declustering, and Brownian clustering and declustering. In the experimental portion, gamma-ray densitometry was used to measure the solids volume fraction of a ceramic particle-containing suspension, as a function of both time and position. The suspensions contained submicron A1 2 O 3 powders, and each was prepared in order to control precisely interparticle interaction potential, and thus the tendency of the particles to flocculate. 
